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The variational principle derived in the previous paper is applied to the muffin-tin poten-
tial model. For electron scattering from a crystal with a finite number of layers, the ex-
act reflection coefficient is expressed as the ratio of two determinants; the elements of the
determinants are formed in terms of the phase shifts and the structure constants, which are
dependent on the energy, the parallel component of the wave vector of the incident electrons,
and the lattice geometry. For s-wave and p-wave scatterers of a monoatomic layer, ana-
lytic evaluation of the reflection coefficients is possible. For s-wave scatterers, our re-
sult is identical to those obtained by Kambe and by McRae. For p-wave scatterers, our re-
sult is again identical to that predicted by Kambe’s equations. For scattering from a semi-
infinite crystal, a discrete set of Bloch waves is inserted in the variational equation and the
reflection coefficient is written in terms of the structure constants, the phase shifts, and
the perpendicular components of the wave vectors of the Bloch waves. The results are valid
for crystals with perfect two-dimensional periodicity in the plane parallel to the crystal sur-
face, buthave arbitrarily variable scattering potential and lattice spacing in the perpendicular
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direction.

I. INTRODUCTION

In the preceding paper, we have proposed a vari-
ational principle, which leads to a stationary ex-
pression for the reflection coefficient of elastic
scattering. The crystal is assumed to possess
perfect two-dimensional periodicity in the plane
parallel to the surface and arbitrary variations of
crystal geometry and chemical composition in the
perpendicular direction.: With linear trial functions,
the reflection coefficient is given by the ratio of
two determinants whose elements involve integrals
of known functions and the crystal potential.

A Green’s-function method has been developed by
Korringa, and Kohn and Rostcker! 2 (KKR theory)
for the calculation of the energy band structure of
metals. They employed a muffin-tin-potential model
and the spherical harmonics expansion of a Bloch
wave. The muffin-tin potential is defined by con-
fining each atom in an inscribed sphere within which
the potential is spherically symmetric, and in the
interstitial regions the potential is constant. Be-
cause of the perfect triperiodicity of the crystal,
the summation over all lattice points is absorbed in
a structural Green’s function. The advantage of
the KKR theory is the separation of the lattice geo-
metric and the atomic scattering properties. The
atomic potential appears through the logarithmic
derivative of the radial function at the surface of
the inscribed sphere. The main computational ef-
forts are on the structure constants, which are
characteristics of the crystal geometry. Once tab-
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ulated for a given lattice type, the structure con-
stants need not be calculated again.

In the present work, we apply the variational
principle derived in the preceding paper to muffin-
tin potentials. The mathematical procedure for
evaluating the integrals in the variational equation
is similar to that in the KKR band theory. ! 2

For the crystal with a finite number of layers, the
wave field inside the crystal is expanded into spher-
ical harmonics. The exact reflection coefficient is
expressed as the ratio of two determinants; the ele-
ments of the determinants are formed in terms of
structure constants and the phase shifts. The struc-
ture constants, which are the same as those in
Kambe’s® * theory, are dependent on the energy, the
parallel component of the incident wave vector, and
the lattice geometry. The method shares the ad-
vantage with the KKR band theory’: 2 and Kambe’s
LEED theory, ® *i.e., the structural and the atomic
properties are segregated and can be evaluated
separately. Furthermore, since no Bloch wave ex-
pansion for the wave field inside the crystal is re-
quired, this method is valid for crystals with pos-
sible impurity surface layers. For s-wave and
p-wave scatterers of a monoatomic layer, analytic
evaluation of the reflection coefficient is possible.
For s-wave scatterers, our result is identical to
those obtained by Kambe® and by McRae.® For p-
wave scatterers, our result is again identical to
that predicted by Kambe’s equations,®

However, in the case of electron scattering from
a semi-infinite crystal, it is more convenient to
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3 APPLICATION OF A VARIATIONAL PRINCIPLE TO... IIT.

employ Bloch waves. By inserting a discrece set
of Bloch waves in the variational equation, the re-
flection coefficient is expressed in terms of the
structure constants, the phase shifts, and the per-
pendicular components of the wave vectors of the
Bloch waves. We first investigate the electron
scattering from a perfect semi-infinite crystal.
The case of a semi-infinite crystal with a few for-
eign atomic layers on the surface is described as
the combination of the methods for a finite number
of layers and a perfect semi-infinite substrate.
This variational method together with the Bloch
theorem eliminates the difficulty of evaluating a
large number of structure constants for a semi-in-
finite crystal and thus represents an advantage over
Kambe’s* cellular method.

II. APPLICATION TO A MONOATOMIC LAYER

We first apply the variational principle derived in
the preceding paper to the simplest possible case,
i.e., electron diffraction from a crystal consisting
of a single monoatomic layer. The monolayer is as-
sumed to have two infinite surface planes which
are parallel to each other and lie in the y-z plane.
Each atom is confined in a sphere that does not
overlap neighboring spheres. The potential is
spherically symmetric inside the sphere about the
center of the atom and null in the space between
the spheres. The effective periodic potential of the
monoatomic layer is defined as

V(;): 2 Ve(l I.'.""{:»ml ), m,n=0,1,£2, ...
m,n

(2.1)
where the origin of the coordmate system 1s at the
center of an arbitrary atom and rm,l —maz+ na3 az
and as are the two-dimensional primitive transla-
tion vectors in the y-z plane, and an is a two-~di-
mensional lattice vector. V,( Ir —F,,,,, 1) is the poten-
tial in the primitive cell centered at Fm", and its
values are

V() =spherically symmetric, » <7,
}
r,t= 2 | -
§(x,x) axaaeo( 2AK,

satisfying the Schrodinger equation

(v2+ E)S (r,r)=8(r -1, (2.7)
where T and 1 are in the reference column, and
k? is the incident electron energy in atomic units. ®
For the monoatomic layer with the effective poten-
tial defined by Eq. (2.2), we need to integrate over
a sphere of radius 7,, since the interstitial region

exp [Z(Eu + 2111.1.) ¢ (;u _E: )]exp(zKﬂl x _x’l )) ’
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V,(»)=0, =7, (2.2)

where 7, is the radius of the sphere.

The boundary condition is that the incident plane
wave e ®'F comes from x=—- ®. In the preceding
paper, we have shown that the wave function in the
vacuum as x- -« is given by

VO BPLLISD I WL T

V(Re)

(2.3)

where Ry is the reflection coefficient of the diffrac-
ted plane wave in the direction of l:f;. The parallel
component (to the crystal surface) of E; is different
from the incident parallel wave vector l?.. by 2w
times the two-dimensional reciprocal-lattice vec-
tor v, and the perpendicular component of K; is
-Ky, where Kg= [k? - (K, + 2v)?]'/2, Let us denote
the components of K explicitly by [- Ky, (K, + 2mv)].
The symbol Re appearing under the summation
means the summation is taken over all the two-di-
mensional reciprocal-lattice vectors which give
real Ky.

The quantity Ay is defined as

Aa=2‘2AKQR§ ) (2. 4)

where A is a unit two-dimensional area in the sur-
face plane, i.e., A= 152X§3I . The variational
equation, which gives a stationary expression for
the reflection coefficient Ry, is given in the pre-
ceding paper by

Av =1:2A.K9Rv

_ e v@) @ dr][fem T vE )y(E) di]
C Iy vir) () - 1S (o, ") v(r) P(r') dr’ ]dr ’
(2.5)

with the variational principle 64;=0. The range of
integration of the integrals in the above equation is
over a column with unit surface area A, i.e., the
reference column. The structural Green’s functior.
g (r,r") is derived in the preceding paper as

(2.6)

-

is vacuum.
The limiting procedure of Kohn and Rostoker?
should be used in this problem because of the sin-
gularity of the Green’s function§ (7, 1’) at F=7r".
We set the range of integration as
Os7 <7, - 2,

0sv <y, -¢, (2.8)

where € is a small quantity. Thus
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Ao 1im [focr, ef'f‘V(i")ﬂJ(f") A7)y e ™ VENWE) AT ] (2.9)
T L, L IO VEOR@ -1, S TIVERE)dr :
a
[
The exact wave functions ¥(r) and J (r) are the Schrédinger equation for free space,
solutions of the same Schrodinger equation . .
Ve+k =0. 2.11
[v3+ B2 - V(r)] $(r)=0, (2.10) (v5+£9(r) (2.11)
but they satisfy different boundary conditions; i.e., By using Green’s theorem’ together with Egs.
U(T) corresponds to the incident plane wave e‘g F (2.8), (2.10), and (2.11), we can transform the
'*’* volume integrations in Eq. (2.9) into surface inte-

while KI) (1-:) corresponds to an incident wave e
The plane waves e®'? and e T satisfy the same

1

1, asle™ IR, .,
a (2.12)

grations,

ds ;[e-ﬁ;-i"’zp(l',’r)]}

Av= lim

€~0 f dsff=r

rarg ~2€

where we have defined

1r,81=(16) 22 gy L)

r=7q

(2.13)

as the Wronskian of f and g evaluated at »=7,, if
not specified explicitly.

The exact wave functions () and ¥ (¥) can be ex-
pressed by a linear combination of the complete set
of spherical harmonics. It is natural to truncate
the wave functions into a finite series of spherical
harmonics as the trial functions,

in 1
il)(I:.)= = {v—:-l Clelm(ey ¢)Rl(y) (2' 14)
and
. [ T
W)= 2 20 CrnYia(6,0) R (), (2.15)

1=0 m=-1

where (7, 6, ¢Z) are the spherical coordinates of F,
and C;,, and C,, are complex expansion coefficients.
The radial function R,(r) is the solution of the fol-
lowing equation®:

( 1%— d(;lf 72;: Z(lvH) + V) - k)"'(” 0
(2.16)

with the conditions

R, (0) = finite, (2.17)

R, (7,) = const X [§, (v,) —tannm, (kv,)] ,

where 7; is the Ith phase shift of the atom. The
sphesical and the Neumann Bessel functions are
defined as®

Jilx) = W/zx)1/2J1+1/z(x)

AT, [C (), 9]

] )
' =rg=Clr=rg-2¢

1
() = (= 1) (m/2x) 2T 4 4/ 5(x), (2.18)

where J;,;/5(x) is the Bessel function of the first
kind.
The spherical harmonics Y;,,(0, ¢) are defined as

0, 0)=| (ZL) (%I ) D]uz

x P,™ (cos6) e'™® ,

(2.19)

with the normalization condition

J, T [ I Y,,(6, &) Y% v (6, ) d(cosh)

=6y Ope - (2. 20)

g - i85 #

The plane-wave functions e and e may
also be expanded into spherical harmonics,

' E 47Til Y;m(e, d’) Yfm (9;, ¢E)jl(k7) ’
I,m

(2.21)
e~ %= 00 an(-i) YF, (6, ¢) Yzm(ex;, ¢t§)jx(k7’) »

r,m
where 6, ¢; 91, ¢g, and Qg » P are the angular co-
ordinates of r k and ka, respectively.

Following the procedure of Kohn and Rostoker!
in the band theory of metals and applied by Kambe®
in LEED theory, we can write the Green’s function
as

£ 1

sEM-2 L 2
150 m==1 1'=0 m'=-1'

+8,30 O By (o) 1y (B7")] Y1 (6, §) Y7

r<r' <7,

[Alm;l'm’ jz (k'r)jz' (k'}")

m’ (9 '1 ¢,),
(2.22)

where (»’,6’, ') are the spherical coordinates of
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r’, and the structure constants A+, , which are
functions of %2 and Eu are characteristic for the

. lattice structure. The structure constants are the
same as those in Kambe’s?® theory.

i
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We substitute Egs. (2.14), (2.15), (2.21), and
(2. 22) into Eq. (2.12) and integrate over 6, ¢ and
6’,¢’. Finally, the limit €~ 0 is taken and Ay is
given by

= ' - au¥ . .
A$=(4w)zzl w i, m CrnCr it Y (027, eg) Ve (O 5)[ 4 Rﬁ] [Gy, Ryl
'El,le',m' Clmcl’m' l'm’;lm[jlle]"'kélt' 6mm’ [nl’Rl] [jl'le’]

As an immediate consequence of the above equa-
tion, the Ith partial wave in the trial functions does
not contribute to the reflection coefficient Ry, if the
Wronskian [R;,j, ] is zero.

After the variational principle 643;=0, which yields

8A4/8C;,, = 8A4/8C,,, =0, is performed on Eq.
(2. 23), a set of linear equations is obtained:

E Alm;l'm’ Clm=0 ’
Fom (2. 24)
27 Apmsprme Crome =0,

,m

where

Alm;l' m= { [(417)2/AV] il' a Yl).:m' (9!’ ¢2) Ylm(eis, ¢2;)

+A g sim +R g0 Opy cotn [ Jis Ryl 2, Ry ],
(2. 25)

and the tangent of the phase shift 7, is written as*
tann, = [Ry,7,)/ [Ri,mi] - (2. 26)

The condition that the set of linear equations
(2. 24) has nontrivial solution is that the determinant
of Ay, me equals zero. The determinant appears
to have a common factor [R;,j,] in the (I, m) row
and a common factor [R;.,j; ] in the ¢/, m’) column
where m=~1tol and m’=~1" to I'. If [R,,j,] is
zero, namely, the phase shift 7, is modulo 7, all
determinants 4;,, ., arising from trial functions
containing the /th partial wave are zero. However,
we know this partial wave does not contribute to the
reflection coefficient, so that these terms should
be excluded in the determinant. We divide the
(I,m) row with m=—1 to I by [R;,j,] and the (', m’)
column with m’=-1" to I’ by [R,, j,-] before equating
the determinant to zero. Thus

det{[(4m)%/A4]é" " Y ;% (6, be) Yim(055, b2;)

+A s 1m AR Oy ps O cOtny }=0 . (2.27)
Equation (2. 27) is linear in Ay as shown in the
preceding paper, and Ay is determined uniquely in

terms of the phase shifts and the structure con-
stants. After applying the transformation derived
in the preceding paper, A; may be expressed ex-

(2.23)

plicitly in determinental form,

, AT Hy g Ly 020
Av=12AK7Rq= IFm o i,, B
im;1'm’'

1,i'=0,1,...,1, (2.28)
where

H W= F ., _DM‘F_‘_OQ}.LM'
tm3l’m Imt’'m DOO

_FimooEreme 3 Foo;00E1'mt Dy

Eq DooEqgo

for I and I’# 0, and

Flm;l'm' == (Al'm’;lm"'kall’ 6mm' COtT);) )

Dlm:47”:-l Ylm(elv-,qbi';) ’ (2. 29)

Eypn= 47" Yio (62, 63) -

We observe that 7, does not appear in the reflec-
tion coefficient. We will evaluate analytically the
reflection coefficients for two special cases.

A. s-Wave Scatterers

For s-wave scatterers, all phase shifts 1, vanish
except 1y. It follows from Eq. (2.25) that all the
Apmsrome Vanish except Agg,g0. The reflection coef-
ficient is obtained without performing the variational
principle 8A4=0. Thus the reflection coefficient
Ry of a reflected beam in the direction of l'f; is
given by

Ry = 2w tann,
YT AKy Aggpotanny+k

(2. 30)

which is identical to that obtained by Kambe, 3 and
by McRae.?

B. p-Wave Scatterers

For p-wave scatterers, all phase shifts vanish
except 7y and 7;,. We assume that the wave and the
lattice have certain symmetry such that the wave
field inside the crystal does not contain the spheri-
cal harmonics with m=+1, e.g., the incident wave
falls perpendicularly on a layer of square lattice.

From Eq. (2.28) we obtain
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R.= =M [Ajg;10+ 18 2(A 10,00 CO80gz = Agg.10) +3(Aog; 00 +7 COLTG) cosG;;+k(cot'r]1+3cot'r]ocos€g;)]/
v

[(4 00;004 10310 = A 003104 10510 +# (A go;00 COLTIy +A 10,10 COLT) +k? cotng cotm]

In Appendix A, we have evaluated the reflection
coefficient for p-wave scatterers by solving the
set of equations given by Kambe.?® The two results
are identical, but the derivation here is much sim-
pler.

The reflection coefficient Ry given by Eq. (2. 28)
can give an exact solution, if the number of nonzero
tan?, is finite.

III. APPLICATION TO COMPLEX MULTIPLE LAYERS

The method used to calculate the reflection coef-
ficient for a monoatomic layer may be generalized
to the case of complex-atomic multiple layers. The
crystal has perfect two-dimensional periodicity,
otherwise arbitrary variations in structure and
composition. The crystals may have different
atoms in each layer, and the space between layers
is not necessarily the same. Hence, this variation-
al method which we will derive is especially useful
for the case of a crystal with impurity layers.

As Kambe* has pointed out, the side planes of the
reference column may cut the atomic spheres into
a few segments, but it is possible to choose a ref-
erence column such that the side planes of the ref-
erence column do not pass through the center of any
atom. All the atoms with their centers inside the
reference column are called by Kambe? as assigned

1

Ae={[ [

segments segments

{fseg ents d;{,; () V() [ZP(;) _fsozments S (;’ r’) V(;') ‘p(;')d;']} ,

where the integrals are over the volume of all the
segments in the reference column. Since the crys-
tal has perfect two-dimensional periodicity, the
wave functions also have the following two-dimen-
sional periodicity:
Y(E + T ) =1 Frn (7))

and (3.4)
DT+ o) = €™ Fmn ) (T) .

Since the structural Green’s function §(r, ') is a
function of (r —r’), we have

G (T4 Tppy I + L) =S (T, T') . (3.5)

(2.31)

to the column of reference. We assume that there
are N atoms assigned in the reference column, in
which atoms are stacked together to form layers or
a complex-atomic layer. The potential about each
of these atoms is nonzero only in the spheres which
are nonoverlapping and centered at the centers of
the atoms. We label the N atoms in an arbitrary but
convenient order.

The effective potential is the sum of the atomic
potentials

Vi(l ;_Ei _;mn\ )1

N
V()=
i=

1 m,n

m,n=0, 1, £2, ... (3.1)
where c; is the position of the center of the ith
sphere assigned in the reference column. The
summation is over all N atoms assigned in the ref-
erence column and all two-dimensional lattice vec-

tors Y',,m. The potential in the ¢th sphere is given
by
Vi(») = spherically symmetric, »<#; 5.2)
Vi) =0, r= 7,

where 7; is the radius of the ith sphere.
The variational equation for Ay is given by Eq.
(2.5),

e® V(@) I (P)dr] [ [ e T () $(F) ar 1Y/

(3.3)

We find in our case that the integrals over all the
segments in the reference column can also be re-
placed by integrals over all the spheres assigned in
the reference column.? Following Segall, 2 we change
the coordinate system to the center of the ith sphere
assigned in the reference column,

(3.6)

where T; and T/ are coordinates with respect to the
center of the 7th sphere. ~

The wave functions ¥;(¥;) and ¥,(¥;) in the ith
sphere are defined as

‘Pi(f'i) = ll)(f) = ¢Gl+zl) ’
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7Pi(fi)=7p(f)=fl)(fi+5,-) . 3.7
Using the same derivation as in Sec. II, the
J

z_t,j Iezﬁ é; e—zk~ 1{ f ik B d)] . dsj}{f —‘k'ﬁ.;i, lrbi]ri dS’,}
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volume integrations can be transformed into sur-
face integrations. Thus

, (3.8)

21,] 1ff[¢j,[91 lr wi]ri]r,dslds

where 7; is the radius of the ith sphere, and the
structural Green’s function g i1 is defined as

gij(f'i, Y';):g(-fi'*-éi,*"l'_(’:j g(f',‘f‘,)’

where T is a point in the 7th sphere and T’ is a
point in the jth sphere. When 7=3j, the structural
Green’s function G/ has a singularity at ¥,=T/,

and the limiting procedure for the monoatomic
layer should also be employed here. If i#j, there
is no singularity in the Green’s function for non-
overlapping spheres. G/ can be expanded in spher-
ical harmonics®*:

(3.9

S, TN =0 O [ABL . k|74 ) k] E]))

tym p',m'

+ k8,301 Opmettye (kl ?” )jl(k’ Fl' )]

Ylm(eb ¢{)Y m'(ej: ¢j)

ri<v; for i=j. (3.10)

The wave functions ;(¥;) and 3,(¥,) may be ex-
panded in spherical harmonics about the center of
the ith sphere, and we take a subset of the complete
set of spherical harmonics as the trial wave func-
tions,

I=ln; 1

w(t)=2 2 C 0 HEAD) SRR

1=0 m=a1l
(8.11)
= ,"i 1

‘Pi(ri)‘ ? 2 C m B (lri,)Y (05, 03)

m=al

where (IT;1,0,, ¢;) are the spherical coordinates
of T, with respect to the center of the ith sphere.
Inserting the trial functions (3.11) and the struc-
tural Green’s function (3. 10) into Eq. (3.8), in-
tegrating over 8;, ¢, and 6;, ¢;then applying the
variational principle 643;=0, and finally setting the
compatibility determinant equal to zero, we obtain
a unique solution for the reflection coefficient R;,
Re= 2mie! ®-E)E lH%mj,l'm',i,l'#l 0
- AK; [F 5t ome |

(3.12)
where

0 ’ ’ DE'l .
m,l'm' i i

i34
Hipsprm =

i J
00 OOD El'm'
DOOEOO

i,1#1,0
* ) 4,1'#1,0

and

th *m = (At' m',1m+k6i16”' 6mm’ COtT] ) (3. 13)

in=4mie -4 cinm(Okw ¢33 »
L= dmile ™y (0, 07) .

The tangent of the phase shift 7! associated with
the ith atom assigned in the reference column is
defined as

tannt=[4,, R}], /[n;,Ri]

The structure constants A%/ . . are the same as
those in Kambe’s** theory. Ham and Segall!! used
Ewald’s!? method including summations in both the
coordinate and the reciprocal spaces to calculate
the structure constants in KKR band theory.
Kambe®* applied their method to evaluate the struc-
ture constants A¥l ... for low-energy electron
diffraction theory. For the sake of completeness,
we include his results in Appendix B. The struc-
ture constants A}}},. , are in the same expression
as A, 0f 2 monoatomic layer.

. (3.14)

IV. APPLICATION TO A SEMI-INFINITE CRYSTAL

For the case of electron scattering from a semi-
infinite crystal, the problem in principle may be
solved in the same way as that for multiple atomic
layers. The number of layers should be taken
such that the reflection coefficient of the diffracted
beam does not change when more layers are taken
into consideration. However, the problem becomes
very complicated because of the necessity to calcu-
late a large number of structure constants. This
difficulty may be avoided by employing the Bloch
theorem.

A. Perfect Semi-Infinite Crystal

For a perfect semi-infinite crystal, we make use
of the Bloch theorem as follows. By assuming the
crystal has perfect three-dimensional periodicity,
the total wave function inside the crystal is the
linear combination of a set of Bloch waves, which
include propagating waves and an infinite number
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of evanescent waves, with the same energy and
the same reduced k, as those of the incident plane
wave. The Bloch wave is in the following form:

B (D)= U (D) e T, (4.1)
where Up,(T) is a periodic function, and &/ is the
wave vector of the Bloch wave and is written ex-
plicitly by (.., &k, +2rg). The parallel component
of k is different from k, by 27 times the two-di-
mensional reciprocal-lattice vector é and the per-
pendicular component k; may be complex for an
evanescent wave in the gap or elsewhere.

Similarly, $(T) is the superposition of the dis-
crete set of Bloch waves in the following form:

U@ =Ug (F el T, (4.2)

where U (T)isaperiodic functionand the wave num-
ber k; is denoted by [%},, ~ (&, + 27%) + 27g].

Because of the three-dimensional periodicity as-
sumed in the crystal, the Bloch waves at different
layers have the relations

P (x+d, T)) = ees?y (T)

and (4.3)

Dylx+d, 1) =02 (T)

where d is the spacing between two identical layers.
We take a superposition of a finite number of Bloch
waves including all propagating waves and a few of

|

1 b - - g
D=y it [ @ F V) dF

1751h =

T 1 gL rga

1 . - . -
1 - ol % *hpa [fdr‘bh(r)V(r)<‘I’g(I‘)—/9(I‘,1'

SHEN 3

the infinite evanescent waves as the trial functions.
Thus

(4. 4)

where g=1 to n enumerate the two-dimensional
reciprocal-lattice vector é in an arbitrary order.
C, and C, are the expansion coefficients; ¥, and z~/)g
are Bloch waves defined by Eq. (4.3). We repre-
sent the wave propagating in the direction of f(‘;
(evanescent wave if £}, is complex) by &, and the
corresponding adjoint wave by &,,

8,(T)=C(F), 3,(F)=C0,(F). (4.5)
Thus the trial wave can be written by
¢<f>=‘"§¢,(f>, WE)= D8,(F). @.6)

£=1

In Sec. VI of the preceding paper, we derived a
variational expression for A; by employing Bloch

waves. The variational equation for A; is given by
n n
Ag= 23 DE*[ X5 F**, @.7
&,h=1 &,h=1
where
fe‘“w? )8, (F) dF,
- >/ 7 i +1
)V(r )Qg(r )d-f>_zﬁ> ZAK'ﬁ (l_e-i(K-ﬁ-fk;_L)d (4'8)

~ . - . . - - > o 1 ~ - o . > - - >
x[f &,(F)V(F )T TFOY(F)0, (F') dF 'dT +Wff@h(r)V(r)e’kﬁ @-F )V(r')ég(r')dr'drﬂ,
[

where Kk} is defined by (Kj, k,+ 2mi) and the summa-
tion is taken over all the two-dimensional recip-
rocal-lattice vectors. The range of integration is
over the reference column with a width d; we call
it the d-reference column.

We consider the general case of crystals with
complex-atomic layers, since the case for mono-
atomic layers can be considered as a special case
of the complex-atomic layers. The crystal has
identical structure and composition after every dis-
tance d, but otherwise the layers may be different
in both scattering potential and lattice spacing. The
crystal potential in the width d is defined by Eqs.

(3.1) and (3.2), and it repeats with d. We assume
there are N atoms assigned in the d-reference col-
umn and each atom is confined in a nonoverlapping
sphere with radius 7;. The integrals are taken over
the N spheres assigned in the d-reference column,
Similarly to the derivation presented in Sec. II,
the volume integrations may be transformed into
surface integrations. The transformation of coor-
dinate system given by Eq. (3.6) should also be
carried out here. Thus Eqgs. (4.7) and (4.8) become

3% Feh (49)

&,h=11, j=1

n
Ag= 25

N
2 D% iEh,j
&sh=1 i,74=1
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and
-ik3 . 8 oiked
e v i Tae ~ i . -
Dg'i=1_ei(K_wkg7J_)d[[e-ikv ’,@}],,ds,, Efi= i(k_|_+ﬁg;)df[elk r 454
ihj_
FEbhi- 1- i(k'ﬂ_-r ad [ff[‘b (¢’ & r,]rjds' das; +22AK (4.10)

RO
SRR Ia _ 1

(s f v

where ®!(%,) and $}(%;) are the Bloch waves in the
ith inscribed sphere. The summation in Eq. (4.9)
is taken over all the atoms assigned in the d-ref-
erence column and over the Bloch waves in ex-
panding the trial functions.

The Bloch waves ®! and ®! may be expanded into
spherical harmonics, and we take a finite number
of the spherical harmonics as trial functions:

=y,
(r,)— ,Z(; 2 Cg : Y,m(Hi, ¢i)Rl(l I‘{l),
(4.11)
. 1=lp,
$iF)= 2 4 Colyh (6,0 )R T]).

1=0 m=-

As in Eq. (2.21), the wave functions e*1* % may
be expanded into spherical harmonics.

T4, .
etk Tizqq 12 z’Y,,_m(Gpﬁ', B3 e2rs)
ym
XY 1 (6, 0)j, (k| T4]),

) 4.12)
-1,k 'Fi— 47 2 i Ylm(ek* ’ ¢E +21rﬂ)

l,m
10, 0)i (| F4])

where <z>kl +ora 1S the polar angular coordinate of the

vector k“+ 274 and 63+ is defined by 9~*_ cos (£ Ky/k).
When Kj; is imaginary, the spherical harmomcs

Y,,,,(G;é, ¢,~ql,2,ﬁ) have complex arguments and are

defined by
) (]

20+1
Ylm(ek.y¢h|+2n'u) [( <
X (& §)-"mlgimokypant p ! (14| K| /R), (4.13)

47

where p!™!(x) is Hobson’s associated Legendre func-
tion, 1

Inserting Eqs. (3.10), (4.11), and (4.12) into Egs.
(4.9) and (4.10) and carrying out the variational

1, [e"%3°, 8], as}ds, +

et ) f B5F 4] [k gl ’
£ -ikhe
e~ i +Rpd g [e b ’éh]’j[e ’é"]"i ds; dsj ’

T
principle 64;3=0 yields

i(k-k ) &

R 2m -e |H, ;|
3= AK - i(ky%’u)d)(l_ei(l(a*kil)d) IFg,tl s
(4.14)
where
H .=F DEF, ¢ Fz 1By F] 1DE;
gt =Lt~ D, E, D,E,
g,t#1
Fo- 1 i i
@t = W - (A"l'm'; lm+k6ijéll'6mm’ COt"];)
(4,”)2 10 +1a 1 eiiﬁc(%,-%;)
G: - .
? 2AK; (e-i(Ka+§,'”_)d_ Yin(Oigs #1v2m)

ikg(2,-28,)
et Ty
X Yt'-m'(ei‘: ¢k"+2uﬁ) t o R B8 _ ]

X Ylm(gir‘li (p'i“«ezr'ﬁ )Y;',- m (6;5, ¢i"+2|'ﬁ)>:| ,

Dy V(65 » 7 )
o= T o Ky Yim0ig 5 3, )e v,

4mi’

* "
B A s b )e ik
E,= 1 - githutkg)d Yy, (62, e 1 .

We have ordered C%' i and C = in the order of
decreasing importance in the constructmn of the
wave functions and relabeled them as C, and C,,
where ¢=1, 2,..., n,indicates a certain combina-
tion of g,4¢, I, and m. The terms in the deter-
minants | F, ;| and | H, ;| :+ are functions of the
structure constants, the phase shifts, and the per-
pendicular components of the wave vectors of the
Bloch waves. The structure constants A,,,,, mt
are the same as those for the layers in d. The
perpendicular wave vectors kJ, and &}, may be
considered as nonlinear variational parameters
in principle or computed from any band theory.
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B. Semi-Infinite Crystal With Surface Contamination

The extension to a contaminated semi-infinite
crystal is straightforward. We assume the crys-
tal is composed of a selvedge consisting of a few
impurity layers, and a semi-infinite substrate
whose geometric and atomic structures repeat
after a distance d in the perpendicular direction.
The crystal should have perfect two-dimensional
periodicity in the plane parallel to the surface.

The case is a combination of those for a finite
number of layers (the selvedge) and the perfect
semi-infinite crystal (the substrate). Thus we
can expand the wave field in the selvedge into
spherical harmonics and the wave field in the sub-
strate as a superposition of Bloch waves with
each Bloch wave expanded in spherical harmonics.
We label the atoms assigned in the impure refer-
ence column by im=1, 2, ..., #n;, and those
assigned in the d-reference column of the sub-
strate by s=1, 2, ..., n,. Inserting the combina-
tion of selvedge and substrate wave functions into
the variational equation (2. 5) and carrying out the
same procedure as discussed in Sec. III yields

27e i(k- k%)-él
iAK,

| Hypgl g1

Fo (4.16)
4]

Ry =

o —e
Fq,t" 1 _ei(k}1+kﬁl)d

T -
eikﬁ'(ﬁé-cs)
LA
X\ o R id _q

D= 47Ti-l % (9-. . ) _iie.as E =
a7 _ei(K-pkg’ Da L im' Vg, ¢k=v e y La~

where €, is the position of the center of the sth
atom assigned in the d-reference column in the
substrate. The eigenvalues k;, and 'Ié;L are the
perpendicular components of the wave vectors of
the Bloch waves used in expanding the wave func-
tions in the substrate.

When g=1, 2, ..., n;, and t=n,+1, n;,+2,
coey MymEng, F, . is defined by
o ikE(Bs-B )

(471_)22-1'-»1- 1

2AK;

-
Fo,e= _ZﬁJ 1 — i KgEp)a

x Ylm(gi-"{, P, + 200 )Y, m'(e'l'(ll:’ Pk, + 208 )

(4.20)

When g=n;, +1, n;p+2,..., By +ng and t=1, 2,
ceey Mym Fy . is defined by

4mi!

VK (s e )pikeE
T onmpe L in (O ¢2)e™s,
-e

SHEN 3
where
_ DF; F .\E, Fi DE,
Ha,t_Fayt_ D, - E, + E.D, ’
q,t#1,1. (4.17)

The notations D,,E,, and E,, are defined by
different functions according to whether they are
defined in the selvedge or in the substrate. When
q,t=1, 2, ..., n;, representing a certain com-
bination of ¢m, !, and m in the selvedge, D,, E,,
and F, ; are defined by

= im’; im im
qut == ( I'm";lm + kéim;im’ 5”' 6mm' 00t77¢ )3

.Q=4M”I%A%$¢deﬁém, (4.18)

E=4mi' Yo (6, g3 )e™ Bim,

where €, is the position of the center of the imth
sphere assigned in the reference column.

When g, t=n;,+1, np+2,..., ny,+n, represent-
ing a certain combination of s, §,!, and m in the
substrate, D,, E,, and F,, are defined by

)22-!’ +1a1

.. (4n
[— (A 1.;:’;3",, + késs' 5”: Gmm' COt’r]‘? ) + ? —TA_Kﬁ_

elkﬁ'(ﬁs:-ﬁs)

Ylm(giﬁ: ¢T:"+Zri'z) Yy, om (9;{:, ¢'i"+2n'x) +;-i(Kmkg7J_)d_ 1 Yzm(eig ’ ¢'1;“+21rﬁ )Y;',.m' (9;7:’ Pk, +2rd )>:| ’

(4.19)

LR SRR S L
24K,

4
Fq,t="Z(

3 1 _ei(KﬁHz;,_L)d

x Ylm(e‘k"-;) ¢'l':“+2frﬁ )Yl',-m'(eiﬁ: ¢’l‘<“*21rﬁ ).
(4.21)

The structure constants in this case are the
same as those for a crystal of width d with sur-
face impurity layers.

V. SYMMETRY OF STRUCTURE CONSTANTS AND
WAVE FUNCTION

The number of independent structure constants
that need to be calculated can be reduced consid-
erably if the incident wave and the lattice geometry
have certain symmetry.

If the parallel component of the incident wave



3 APPLICATION OF A VARIATIONAL PRINCIPLE TO... IIT..

vector E,, =271, where 1 is an arbitrary two-di-
mensional reciprocal-lattice vector including the
case U=0, it follows from Eq. (2.6) that

§(T-1")=8 (T -7 (5.1)

The symmetry property of Eq. (5.1) yields the
relationship for the structure constants:
Ag;rfl; vm' = A{i(i-m’ % U-m) (5.2)
If k, is invariant under a certain symmetry op-
erator S of the two-dimensional lattice (the plane
parallel to the crystal surface), we obtain

¢(x’ S-fu )=ZP(?) . (5- 3)

For example, if the lattice has n-fold rotational
symmetry about an axis which is perpendicular to
the surface through the center of the ith atom with
normal incident wave, the wave field 3*(T;) inside
the ith sphere may be expanded into spherical
harmonics with » = multiples of #.

VI. DISCUSSION

If the crystal potential is given by Eq. (3.2) to
a sufficiently good approximation, the methods de-
scribed above are believed to provide a self-consis-
tent and convenient way for calculating LEED in-
tensities. The reflection coefficients are uniquely
given by Egs. (3.12) and (4. 16) as the ratio of two
determinants. The atomic scattering, the geo-
metrical crystal structure, and the interlayer
scattering properties are separated in the elements
of the determinants. The atomic potential appears
through the phase shifts n} which are functions of
the incident energy 22. The phase shifts, which
can be computed from Eq. (2.16), should be cal-
culated by using the scattering potential in the
solid, which is different from the free atomic scat-
tering potential because of the overlapping of the
charge densities of the atoms in the solid. The
structural properties appear through the structure
constants A%}, . which are functions of k, and % 2.
Most computational efforts will be on the structure
constants. However, the structure constants need
to be calculated for each type of lattice once and
for all. I the incident wave and the lattice geom-
etry have certain symmetry, the number of
structure constants that have to be computed can
be reduced greatly. The interlayer scattering is
expressed through the perpendicular components
of the wave vectors %}, and Z’,;l which can be ob-
tained from conventional energy-band-spectrum
calculation. The possibility of using approximate
k;l and E;,, in Eq. (4. 10)to obtain an accuratereflec-
tion coefficient needs to be studied further.

For a finite number of layers, the diffraction
pattern is obtained with the knowledge of the atomic
scattering properties of each atom. For a semi-

4209

infinite crystal with or without surface impure
layers, the reflection coefficient is obtained if the
phase shifts and the eigenvalues %j, and ﬁ;; are
given. All the necessary information of the poten-
tial in Eq. (3. 2) is given if the phase shifts 7! of
all the partial waves associated with each atom are
known. Therefore, the potential need not appear
explicitly in the reflection coefficient. Further-
more, the phase shifts also give the scattering
cross section of each atom, hence, the diffraction
pattern. When a large number of layers are
stacked together to form three-dimensional solids,
multiple scattering between layers in the bulk is
described by the energy band spectrum.

It follows from Eqs. (3.13) and (4. 15) that all
multiples of 27 in the phase shifts do not contribute
to the reflection coefficient. I we write ni=2mnr
+0}, only the remainder &} counts where 0< &}
<27. Thus a deep potential which may give a large
phase shift does not necessarily generate strong
scattering when compared to a shallow potential.
When 6! is around mr, i.e., the atomic scattering
cross section is small, there is small contribution
to the reflection coefficient in Egs. (3.12) and
(4.16). The strong reflection corresponds to large
scattering cross section, namely, the remainder
of the phase shift 6} is around 37 or 7. The sum-
mation over all the angular momenta [ complicates
the above picture, therefore without detailed cal-
culation it is not clear how the diffraction pattern
would be affected.

The exact reflection coefficient can be obtained
by Eq. (3.12) provided the number of &!+ 0 modulo
m and the number of atomic layers are finite. By
expanding the wave field into spherical harmonics,
all the evanescent waves are automatically in-
cluded. This is in contrast to Bethe’s plane wave
and matching formalism where the exact solution
usually cannot be obtained because of the require-
ment of the truncation of the plane waves for ex-
panding the Bloch wave and the truncation of the
infinite evanescent Bloch waves. The determinant
|HE W) (i, 1#1, 0; 5,1 #1, 0) of the numerator
in Eq. (3.12) is obtained by crossing out the first
row and the first column of the determinant
|H}i% 10| . Hence, the rank of | H:} .| with i,
1#1, 0and j, I’#1, 0 is always one order less than
that of the determinant | F4},,,.|. The rank of
| Fi3% 01, which depends on the number of the
spherical harmonics in expanding the wave field
inside the crystal and also on the number of atoms
assigned in the reference column, is 3§ ¥, (l,,, +1)2,
We have included all the spherical harmonics up to
1=1,, for the wave field in the ith inscribed sphere.
If the lattice geometry and the incident wave have
certain symmetry, the rank of the determinant
can be reduced considerably. For example, if we
consider a square monoatomic layer with no sym-
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metry for E" and the number of phase shifts need
be taken is 10, the rank of | Fii%,,,.| is 100. How-
ever, if E” =0, the rank is reduced to 16. Equation
(4. 16) provides a method for calculating the reflec-
tance from a semi-infinite crystal. By employ-
ing Bloch waves for the crystal except for a few
surface layers, the difficulty of computing a large
number of structure constants is eliminated but all
the eigenvalues k;, and !, are required. However,
the perpendicular components of the wave vectors
kj. and k., can be obtained more easily than the
Bloch waves since eigenvalues can in general be
obtained more accurately than eigenvectors. The
rank of the determinant | F_ ,| in Eq. (4.16) is

Mim + Mg

From Eq. (3.2), the interstitial space is as-
sumed to be vacuum and consequently the surface
step potential is not taken into consideration. The
main restriction of the methods described above
is that they are valid for crystals whose potentials
can be approximated by the muffin-tin form. How-
ever, for most solids of interest, the muffin-tin
model is a sufficiently good approximation, es-
pecially for metals.

We emphasize the ability of this variational
method in studying crystals with a few layers of
foreign atoms on the surface, e.g., adsorption of
gases on a metal surface. The convergence of
this method is expected to be rapid for very low-
energy (<100 eV) incident electrons on solids
composed of light atoms because the number of
phase shifts required and the number of atomic
layers involved in the scattering process are
small. This variational phase-shift method pro-
vides a unified and direct method for the calcula-
tion of LEED intensities from both clean and con-
taminated crystals with no additional calculation
of the wave field inside the crystal.

.y
Ry=-2T

Ky

APPENDIX B: CALCULATION OF THE
STRUCTURE CONSTANTS

The structure constants At .. have been cal-
culated by Kambe. ** For i=j, the structure con-
stant Afii,, . is identical to the expression for the

SHEN

o

APPENDIX A: EVALUATION OF THE REFLECTION
COEFFICIENT RV FROM A MONOATOMIC LAYER OF
p-WAVE SCATTERERS BY SOLVING KAMBE’S EQUATIONS

From Kambe’s® LEED theory, we have

Blm = le+l'Z)' alm; vm Xitmt (Al)
m
where
Blm =4 i Y?m (GE’ ¢ﬁ) jt (kya)
and (A2)

Oy 190 = (0770 Opme 1y (1) + 7Y Ay o e 50 (B7,)]

tann,,
Gy ry) =ny (ky,) tann

We solve the set of linear equations (A1) for xg,
and X!

Yoo = Boo (1 + ar10:10) = Big Yoz 10
00~
1+ 00;00) 1+ @10510) = Yg0; 10 X10;00

and (A3)

Bio (1 + cgg;00) — Boo ¥10:00 )

X10=
1+ Oloo;oo) 1+ 0310;10) = Qlgo; 10 X10; 00

The reflection coefficient Ry is given by Kambe?
as

202 <& D s
Ry=-2028 55 (=), (r,)
£ K;A =0 .71 a

1 dR, 1 d&
X — =L .= 2 Y., (62, 3= .
<Rl dr jl d’}’)r:ra ZO(k;’ ¢k")xm

(A4)
Substituting Eqgs. (A2) and (A3) into Eq. (A4)
yields
[Asg;10+8 372 (Agg; 00 COSOgz — Agg; 10) + 3 (Agg; 00 + % COLTg) costiz +k (cotn, + 3 cotngcosbzs )]/
v v
[(A00;00 A10; 10 = Aoo; 10 A10;00) + % (Agn; 00 COLM; + A1 COLTg) + P cotrcotmy] . (A5)
[
Alm: Um' =4n ilnl’ ? inL DL,m-m’ CL, m-m’;im; 'm’ >

(B1)

where

CLM; im;1’' m

monoatomic single-layer structure constant A, e,
hence it is independent of 3.

1. i=j

For i=j, the structure constants 4;,,, , are cal-
culated in terms of the incomplete y functions'®:

= fozw do fo” sinfdf Y, (0, ¢) Y% (6, 0) Yy, 8,0),

li-7|=L=1+7 (B2)
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Dpy =D+ D2+ D 5, . (B3) D) =D& =0. (B4)
When L - | M| is odd, both D{!) and D{) vanish: If L-1M| is even, we have
1
L M +1
D;;},--A—; L —— [@L+1)(L+1MI)! (L= M) ]2 20 exp(—iM g, varmy)
i
(- 2 LI, + 201 /R ]2 (g /R )
T L - ~Ti
X WT[E@ - Ml =20 T [E L+ (M =2n)]! (2 A-2n), e™a w
and (B5)-
2 (_l)L(_l)(L-lMI)lz
@__ % _ 1 17172
Diit =~ 4 FELE(L - D] (3@ a1 LB+ D @ = 1ML+ 1M
1 P 20 - - Rélr, |
x E exp[ - (Ku *Tun +M¢}mn)] (k) rmnI )7“ ¢3/2-L exp (t _4?n—) dat,
myn 0
where ¢ ¢ .on%) 1S the angular polar coordinate
of (k, +2m1) lying in the y-z plane. I'(b, x) is the Al (477) E 1
incomplete y function'* and o =k%%v/2, where w is tm gt mt = T 2K,
an arbitrary complex number satisfying
Re(w)> 0 and | wl <o, xexp[iE“:. - (¢, -] Yy,m (9;5, b (&, v2rty)
D§Y is given by
k o @ xY!"n’ (9*' ’¢(iu*arﬁ)) x<x' . (B7)
%) _ __* 2 . €
D§§ - o (2 /(; e at 7&—) . (B6) We note that the spherical harmonics Y, (6,

¢(k"+m,) and Y, . (91:“’ bz, s2rmy) DAY have complex
Y argument,
- 7 If x—x' can be zero, the structure constant

For i#j, the discussion is separated for two Aﬁ,{;,, e 1S given by the following expressions:

cases. If the point T lies on the surface of the ith

sphere and the point T lies on the surface of the Afd e =40 20088 Cp ot 110t DYoot 5
jth sphere, the first possible case is that x —x" is (B8)
always not zero; the second case is that x —x’ can
where
be zero.
If x—x' is always not equal to zero, the struc- Crit; tm; 1 mt =[ Y., (o, ) Y5, (0, ®) Yy (6, d)dR
ture constants A¥l,. . are given by (BY)
2 with
Al e = G o 351 , ,
A T 2Ky l1-1"|=L=1+1
e . and (B10)
x exp[ iks+ (¢, ~C)] ¥y, (91‘(3, b @yezry)

DY, = DSV 4 Dt |

XYy (B3, Oiezrd) s x> %' The notation DIV is given by

1
DY == i 2[RI D) (L IMD (L= M) 1] 20 expld (R, +2m0) - (8, =)y = M 6 5y 00w

L-IM\ 1 K.\ 21 mint2n, L-141) n [+k(E _'E)L]2n-s"(E"+2ﬂ,ﬁ)/k]L-S
x U <_ki> ba L <2n-s>[%(L—'|M|j—s)]![§(L+iM1—s)]!’ (B11)
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where (€, -¢,), and (¢, —¢,), are the parallel and the normal components of ¢; - ¢,, respectively; min(2n,
L - 1M|) means the smaller number of 2z and L — |M|. The symbol A, is defined as

° - >.\2
sa=f rem | (K,«c, —c,n) 1
exp(-ir)l(%wlzt €xp L+ 2 ; dat . (B12)
DYs? is given by
2Lk

D}'J;’(Z) - mﬁ—)- E eXp[ - i(ill ‘ ;mn)] (— kl;mn"'ai,_ Ei‘ )L

W2 RlFp+ S =8, )2 1
R . -3/2-L Y RUALY . Mih< Bi.d LA =
XYty (03,588, Pipptity) [ t eXp[t < 2 lat, (B13)

where O¢s,, 15,3,y and bz, s are the angular coordinates of the vector (F,,+€; - ¢;).
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